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In this paper a resummation method inspired by the
renormalization-group improvement is applied to the one-loop
effective potential (EP) in massive scalar φ4 model at T 6= 0.
By investigating the phase structure of the model at T 6= 0
we get the following observations; i) Starting from the per-
turbative calculations with the theory renormalized at an ar-
bitrary mass-scale µ and at an arbitrary temperature T0, we
can in principle fully resum terms of O(λT/µ) together with
terms of O(λ(T/µ)2). The key idea is to fix the arbitrary
RS-parameters so as to make both of one-loop radiative cor-
rections to the mass as well as to the coupling vanish, ensur-
ing the function form of the EP to be determined up to the
next-to-leading order of large correction terms, thus absorbing
completely those terms of O(λ(T/µ)2) and of O(λT/µ). ii) If
we start from the theory renormalized at the temperature of
the environment T , theO(λ(T/µ)2)-term resummation can be
simply completed through the T -renormalization itself. With
the lack of freedom we can set only one RS-fixing condition to
absorb the large terms of O(λT/µ), thus only the partial re-
summation of these terms can be carried out. iii) In the above
two analyses the temperature-dependent phase transition of
the model is shown with the analytic evaluation to proceed
through the second order transition. The critical exponents
are estimated analytically and are compared with those in
other analyses. iv) Our resummation method does not work
if we start from the theory renormalized at T = 0.
I. INTRODUCTION AND SUMMARY
To investigate the phase structure of relativistic quan-
tum field theory, the effective potential (EP) is widely
used as a powerful and convenient tool [1]. Perturbative
calculation of the EP especially at finite temperature in
terms of the loop-wise expansion, however, suffers from
various troubles: the unreliability of the perturbation
theory [2], the poor convergence or the breakdown of the
loop expansion [3], and also the strong dependence on the
artificially chosen renormalization-scheme (RS) [4] such
as the renornalization scale µ and the renormalization
temperature T0. All these troubles have essentially the
same origin, i.e., they come about with the emergence
of large perturbative correction terms (large-log terms
in vacuum theory, and large-T (T 2) terms in addition
in the thermal theory) which depend explicitly on the
RS. Taking this fact into account, to break a way out
of the above troubles we must carry out the systematic
resummation [5–7] of at least the dominant large cor-
rection terms, and at the same time we must also solve
the problem of the RS-dependence. After the system-
atic resummation of higher order terms we can construct
effective field theories [5,8–10], with which new perturba-
tion theory can be developed. Then we may have some
hope that such a resummation method can also work as
a calculational procedure for incorpolating the essential
nonperturbative effect into the EP, thus helping us to un-
derstand the phase structure of the theory, toward which
a variety of methods has been used [2,5–17].
Recently simple but very efficient renormalization
group (RG) improvement procedures for resumming
dominant large correction terms are proposed in vacuum
[18] and in thermal [19] field theories. This procedure was
originally proposed to solve the problem of the strong
RS-dependence of the EP calculated through the loop-
expansion method. After the RG improvement, the RG
improved perturbation theory can be consistently formu-
lated, thus we may also have hope that this can serve as a
tool for incorpolating the nonperturbative effect into the
EP. Application of this RS improvement procedure to the
O(N)φ4 model at large-N has revealed [19] that it also
carry out the systematic resummation of large correc-
tion terms to all orders, showing the exact second order
nature of the temperature-dependent phase transition of
the model.
In this paper we briefly explain this resummation pro-
cedure a la RG, namely the RG-improvement procedure,
and present the results of application of this procedure
to the massive scalar φ4 model at finite temperature,
showing that our RG-improvement procedure not only
resolves the problem of the RS-dependence, but also in-
corpolates important non-perturbative effects.
It is worth noticing here that in the massive scalar λφ4
model at high temperature the large correction terms ap-
pearing in the L-loop EP have the structures as follows; i)
terms proportional to powers of the temperature T : i-a)
(λ(T/µ)2)L, i-b) (λT/µ)L, both up to powers of ln(T/µ),
and i-c) (λ ln(T/µ))L, and ii) terms proportional to pow-
ers of the ordinary log s, (λ ln(M/µ))L, where M is the
large mass scale appearing in the theory. To investi-
gate the phase structure of the model we must effectively
resum at least the “dominant” perturbative correction
terms systematically to all orders.
We have found that the proposed resummation pro-
cedure a la RG works efficiently in the massive scalar
φ4 models, not only by resolving the problem of strong
1
RS-dependence, but also by properly as well as system-
atically resumming terms having the structures i-a) and
i-b) above. It is worth mentioning that our procedure
is essentially the RG-improvement, which enables us to
formulate the RG-improved effective perturbation theory
without any trouble such as, e.g., the double-counting of
higher loop diagrams. It is also to be noted that, ex-
cept in the O(N) symmetric model in the large-N limit,
in order for the present resummation mothod to work
the starting perturbative calculation should be performed
with the theory renormalized at non-zero renormalization
temperature T0 6= 0 [20].
Main outcomes of the present anaysis are the follow-
ings;
The massive scalar φ4 models, irrespective of the num-
ber of components of the scalar field φ, have an ordinary
phase in which the effective potential changes its form
as the temperature increases from the symmetry-broken
wine-bottle form at low temperature to the symmetry-
restored one at high temperature. It should be stressed
that the temperature dependent phase transition of the
massive scalar φ4 models is shown to proceed through the
second order transition. The critical exponents estimated
analytically are compared with those in other analyses,
showing siginificant deviations from the mean-field val-
ues and the reasonable agreement with “experiments”
[21,22].
In the simple single component model below the
critical temperature Tc, in addition to the ordinary
symmetry-broken phase there appears a new phase with
the potential unbounded from below. This two-phase
structure at low temperature survives in the zero temper-
ature limit, indicating the simple φ4 model being an un-
stable theory. The O(N) symmetric model in the large-
N limit exists as a stable theory without having such an
unstable phase.
These results are obtained by performing the system-
atic resummation of terms ofO(λ(T/µ)) through the RG-
improvement of the one-loop calculation. Further anay-
ses including the more precise evaluation of critical expo-
nents with numerical anaysis as well as the improvement
of two-loop calcualtion will be given elsewhere [23].
II. RESUMMATION A LA RG IMPROVEMENT
Let us focus on the massive self-coupled scalar φ4
model at finite temperature,
L = 1
2
(∂µφ)
2 − 1
2
m2φ2 − 1
4!
λφ4 − hm4 (m2 < 0) , (1)
and renormalize the theory at an arbitrary mass-scale
µ and at an arbitrary renormalization-temperature T0.
Note that we now have at least two arbitrary parame-
ters (scales) that specify the present RS (hereafter we
call this scheme as the T0-renormalization). Then the
key idea to resolve the RS-ambiguity is to use correctly
and efficiently the fact that the exact EP satisfies a set
of renormalization group equations (RGE’s) [24] with re-
spect to changes of the arbitrary parameters µ→ µ¯ = µet
and T0 → T¯0 = T0eρ,(
∂
∂t
+ βt
∂
∂λ
−m2θt ∂
∂m2
− φγt ∂
∂φ
+ βht
∂
∂h
)
V
= 0 , (2)(
∂
∂ρ
+ βρ
∂
∂λ
−m2θρ ∂
∂m2
− φγρ ∂
∂φ
+ βhρ
∂
∂h
)
V
= 0 , (3)
where a scaled variable ξ ≡ T0/µ is introduced. Solution
to the RGE’s is (µ¯2 ≡ µ2e2t, ξ¯2 ≡ ξ2e2ρ)
V
(
φ, λ,m2, h, T ;µ2, ξ2
)
=
V¯
(
φ¯(t, ρ), λ¯(t, ρ), m¯2(t, ρ), h¯(t, ρ), T ; µ¯2, ξ¯2
)
, (4)
where the barred quantities λ¯, m¯2, etc. are the RG-
improved running parameters whose responces to the
changes of t and ρ are determined by the coefficient func-
tions of the RGE’s, β’s, θ’s etc.,
βx =
∂λ
∂x
, θx = −∂ lnm
2
∂x
, etc., with x = t or ρ ,
(5)
with the boundary condition that the barred quantities
are reduced to the unbarred paprameters at t = ρ = 0.
Thus, the EP is completely determined once its function
form is known at certain values of t and ρ. The problem
of resolving the RS-dependence of the EP is now reduced
to the one how can we determine, with the limited knowl-
edge of the L-loop calculation, the function form of the
EP.
When we renormalize the theory at some definite val-
ues of T0, then the RGE’s as well as the corresponding
responce-equations with respect to the change of ρ in
the above Eqs.(2)-(5) do not appear at all. Two choices
T0 = 0 and T0 = T (T : the temperature of the envi-
ronment) are of interest, and hereafter we call them as
the T = 0 renormalization and the T -renormalization re-
spectively. In these two RS’s we only need to study the
responces with respect to the change of surviving one
arbitrary parameter t.
Let us notice here that in the scalar φ4 model (at least
in the O(N) symmetric model in N → ∞) the domi-
nant large corrections appear as a power function of the
effective variable τ
τ/λ ≡ ∆1 (6)
2
=
T 2
2π2M2
L1
(
T 2
M2
)
− T
2
0
24M2
− 1
2π2
L2(ξ
2) +
b
2
(
ln
M2
µ2
− 1
)
for T0
=
T 2
2π2M2
{
L1
(
T 2
M2
)
− π
2
12
}
− 1
2π2
L2
(
T 2
µ2
)
+
b
2
(
ln
M2
µ2
− 1
)
for T
=
T 2
2π2M2
L1
(
T 2
M2
)
+
b
2
(
ln
M2
µ2
− 1
)
for T = 0
where b = 1/16π2, M2 = m2 + λφ2/2 and
M2∆1 ≡ 1
2
∑∫ 1
k2 −M2 + (one-loop counter term), (7)
L1
(
1
a2
)
≡ 1
2
∫
∞
0
k2 dk√
k2 + a2
1
exp(
√
k2 + a2)− 1 , (8)
L2
(
1
a2
)
≡ −1
4
∫
∞
0
dk√
k2 + a2
1
exp(
√
k2 + a2)− 1 . (9)
M2∆1 is nothing but (a part of) the renormalized one-
loop self-energy correction, Fig. 1a, having the high tem-
perature behavior (exact up to T -independent constant)
τ/λ (10)
∼ T
2 − T 20
24M2
− T
8πM
+
T0
16πµ
+ b ln
T
T0
for T0
∼ − T
8πM
+
T
16πµ
for T
∼ T
2
24M2
− T
8πM
+ b
(
ln
4πT
µ
− γE
)
for T = 0.
FIG. 1. The one-loop diagrams: a) with one vertex corre-
sponding to ∆1 , and b) with two vertices corresponding to
∆2 .
Since in the O(N) symmetric model in the large-N
limit the EP can be expressed [19] in the power-series
expansion in τ ;
V =
M4
λ
∞∑
ℓ=0
λℓ [ Fℓ(τ) + zδℓ,0 ] , z ≡ λhm
4
M4
, (11)
where
Fℓ(τ) ≡
∞∑
L=ℓ
v
(L)
ℓ τ
L−ℓ , F0(τ) =
2∑
L=0
v
(L)
0 τ
L ,
v
(L)
0 = 0 for L ≥ 3 , (12)
then we can easily find the solution [19] to the above
posed problem; at τ = 0, the “ℓth-to-leading τ” function
Fℓ is given solely in terms of the ℓ-loop level potential,
Fℓ(τ = 0) = v
(L=ℓ)
ℓ , which is a pure constant. So if we
caluculated the EP to the L-loop level, then at τ = 0 it
already gives the function form “exact” up to “Lth-to-
leading τ” order. With the L-loop potential at hand, the
EP satisfying the RGE’s can be given by
V = M¯4(t)
L∑
ℓ=0
λ¯ℓ−1(t)
[
v¯
(ℓ)
ℓ (t) + z¯(t)δℓ,0
]∣∣∣∣∣
τ¯(t)=0
= VL (φ¯(t), λ¯(t), m¯
2(t), h¯(t);µ2e2t)
∣∣
τ¯(t)=0
, (13)
where the barred quantities should be evaluated at such
a t satisfying τ(t) = 0.
In the simple φ4 model (and also in the general O(N)
symmetric model), however, because of the existence of
the three-point coupling the structure of the EP in its
perturbation series expansion is not the simple power-
series expansion in τ , Eqs.(11) and (12). Thus we are
forced to study more carefully the sub-structure of the
perturbation series expression of the EP. We find that
there is an another important effective variable κ
κ/λ ≡ ∆2 (14)
=
1
2π2
{
L2
(
T 2
M2
)
− L2(ξ2)
}
+
b
2
ln
M2
µ2
for T0
=
1
2π2
{
L2
(
T 2
M2
)
− L2
(
T 2
µ2
)}
+
b
2
ln
M2
µ2
for T
=
1
2π2
L2
(
T 2
M2
)
+
b
2
ln
M2
µ2
for T = 0
where
∆2 ≡ 1
2
∑∫ 1
(k2 −M2)2 + (one-loop counter term),
(15)
which is nothing but the renormalized one-loop correc-
tion to the coupling, Fig.1b, having the high temperature
behavior (exact up to T -independent constant)
3
κ/λ (16)
∼ T0
16πµ
− T
16πM
+ b ln
T
T0
for T0
∼ T
16πµ
− T
16πM
for T
∼ − T
16πM
+ b
(
ln
4πT
µ
− γE
)
for T = 0.
∆2 represents a diagram that appears as an important
sub-diagram producing large temperature-dependent
corrections in the higher loop diagramms.
With the two effective variables τ and κ in hand, the
EP in the massive scalar φ4 model can be expressed as
a double power-series expansion in these two variables;
Eq. (11) where Fℓ now having the double power-series
expression in τ and κ,
Fℓ(τ, κ) =
∞∑
L=ℓ
∑
(L1,L2;ℓ1,ℓ2)
v
(L;L1,L2)
(ℓ;ℓ1,ℓ2)
τL1−ℓ1 κL2−ℓ2 .
(17)
The summation over (L1, L2; ℓ1, ℓ2) should be taken with
the constants L1 + L2 = L, ℓ1 + ℓ2 = ℓ and Li ≥ ℓi (i =
1, 2).
Then the solution to the problem posed above, namely
the problem how can we determine, with the limited
knowledge of the L-loop calculation, the function form
of the EP, can be found as a simple generalization of the
solution in the O(N) symmetric model; at τ = κ = 0, the
“ℓth-to-leading” function Fℓ is given solely in terms of
the ℓ-loop level potential, Fℓ(τ = κ = 0) = v
(L=ℓ)
ℓ , where
v
(L=ℓ)
ℓ ≡ v(L;L1=ℓ1,L2=ℓ2)(ℓ;ℓ1,ℓ2) . Note that in the present case,
being different from the large-N limit of the O(N) sym-
metric model, v
(L=ℓ)
ℓ can be a function of ln(M/µ), µ/T ,
and of M/T , but is importantly less than O((T/µ)ℓ−1).
So if we caluculated the EP to the L-loop level, then at
τ = κ = 0 it already gives the function form “exact” up
to “Lth-to-leading” order. With the L-loop potential at
hand, the EP satisfying the RGE’s can be given by
V = M¯4
L∑
ℓ=0
λ¯ℓ−1
[
v¯
(ℓ)
ℓ + z¯δℓ,0
]∣∣∣
τ¯=κ¯=0
= VL(φ¯, λ¯, m¯
2, h¯, T ; µ¯2, ξ¯2)
∣∣
τ¯=κ¯=0
, (18)
where the barred quantities, which are functions of t and
ρ, should be evaluated at such t and ρ satisfying
τ¯ (t, ρ) = κ¯(t, ρ) = 0. (19)
In the RG-improved EP, Eq. (18), the highest series of
contributions take the form λ¯(λ¯T/µ¯)ℓ−1, namely, con-
tributions of O
(
(λT/µ)ℓ
)
nor of O
(
(λT 2/µ2)ℓ
)
never
appear explicitly, all resummed and absorbed into the
barred quantities.
It should be noted that the two independent condi-
tions, Eqs.(19), now fix the RS, namely guarantee to
carry out the RG-improvement of the EP in the sense
noted above. These two conditions actually make the
one-loop radiative corrections to the mass and to the
coupling totally vanish. Generally speaking we can find
solutions t and ρ to Eqs.(19) if the starting perturbative
calculation is performed in the T0-renomalization, other-
wise not.
III. PHASE STRUCTURE OF THE SIMPLE
MASSIVE SCALAR φ4 MODEL AT T 6= 0
Now we explicitly apply the RG improvement proce-
dure explained above to the massive scalar φ4 model at
T 6= 0, and study the phase structure. Here we only carry
out the improvement of the one-loop results. Thorough
analysis including those of critical exponents and the im-
provement of the two-loop results will be given elsewhere
[23].
A. T0-renomalization
The perturbatively calculated one-loop EP in the T0-
renomalization is
V1 =
1
2
m2φ2 +
1
4!
λφ4 + hm4
+
M4
2
[
b
2
(
ln
M2
µ2
− 3
2
)
+
T 4
π2M4
L0
(
T 2
M2
)
− T
2
0
12M2
− 1
2π2
L2(ξ
2)
]
, (20)
where
L0
(
1
a2
)
≡
∫
∞
0
k2 dk ln[1− exp{−
√
k2 + a2}] . (21)
At the one-loop level the mass-squared m2 and the
coupling λ satisfy the RGE’s,
∂λ
∂t
= βt = 3bλ
2,
∂λ
∂ρ
= βρ =
3
2π2
(
d
dρ
L2(ξ
2)
)
λ2, (22)
∂ lnm2
∂t
= −θt = −bλ,
∂ lnm2
∂ρ
= −θρ = −
{
1
2π2
d
dρ
L2(ξ
2) +
T 20
12m2
}
λ . (23)
To perform the RG improvement explained in the last
Sec. II, we must solve these RGE’s to obtain λ¯ and m¯2.
Responce-equations of λ, Eqs.(22), can be solved analyt-
ically to get
λ¯ = λF−1(µ¯, ξ¯), (24)
F (µ¯, ξ¯) = 1− 3λ
[
b ln
µ¯
µ
+
1
2π2
{
L2(ξ¯
2)− L2(ξ2)
}]
. (25)
4
The differential equations (23) describing the responces
ofm2 can not be solved exactly even at the one-loop level
in the general T0-renomalization. Thus to study the def-
inite results of the one-loop improvement, we must per-
form the numerical integration of Eqs.(23). Fortunately,
however, we can find an approximate solution of m¯2 in
the high temperature regime,
m¯2 = mˆ2F−1/3(µ¯, ξ¯), (26)
mˆ2 = m2 +
1
24
λT¯ 20 . (27)
The solution m¯2 is exact up to order T/µ in the high
temperature (HT) expansion.
Up to now µ¯ and ξ¯ in the above eqations (24)-(27) can
be arbitrary, with µ and ξ being fixed at the initial values
of renormalization. Our RG-improvement procedure, i.e.,
the resummation procedure a la RG, can then be carried
out by choosing the RS-fixing parameters µ¯ and ξ¯ so as
to satisfy τ¯(t, ρ) = κ¯(t, ρ) = 0, Eqs.(19), namely to make
the one-loop radiative corrections to the mass and also to
the coupling fully vanish. First let us see the solutions to
the above RS-fixing equations. In the HT regime where
T/µ≫ 1, we can use the HT expansion of the functions
L1(a
−2) and L2(a
−2) with a−1 = T/µ,
L1(a
−2) ≃ π
2
12
− π
4
a− 1
8
a2 ln a
−1
8
(
γE − ln 4π − 1
2
)
a2, (28)
L2(a
−2) ≃ − π
8a
− 1
8
ln a− 1
8
(γE − ln 4π). (29)
Then the RS-fixing equations τ¯ (t, ρ) = κ¯(t, ρ) = 0 give
two equations being exact up to T -independent constant,
(
T
M¯
)2
−
(
T¯0
M¯
)2
− 24πb T
M¯
= 0 , (30)
1
2
ln
T
T¯0
+ π
(
T¯0
µ¯
− T
M¯
)
= 0 , (31)
where M¯2 = m¯2+(1/2)λ¯φ2. Solutions to these equations
(30) and (31) are
T¯ 20 = T
2
(
1− 3
2π
M¯
T
)
, (32)
µ¯ = M¯
(
1− 3
4π
M¯
T
)
, (33)
determining the RS-parameters with which the EP
should be evaluated.
If we can find the exact solution m¯2 to the cou-
pled equations (23) together with the exact solution λ¯,
Eqs.(24) and (25), then with the use of above solutions
to the RS-parameters, Eqs.(32) and (33), we can per-
form the full resummation of O(λT/µ) terms together
with terms of O(λ(T/µ)2). Question: How has the re-
summation of terms of O(λ(T/µ)2) been carried out?
Answer: It is done through the T0-renormalization with
the RS-parameters (32) and (33), guaranteeing the reno-
malized mass-squared to have T -dependent term λT 2.
As explained above, however, the solution m¯2 with com-
pact expression, Eqs.(26) and (27), is an approximate
one, thus may weaken the “full resummation” of O(λ/µ)
terms.
Now let us study the consequences of the RG-
improvement in the T0-renormalization, with solutions
λ¯, Eqs.(24) and (25), m¯2, Eqs. (26) and (27), T¯0 and µ¯,
Eqs. (32) and (33). The mass-gap equation,
M2 = mˆ2[1− F 2/3(µ¯, ξ¯)] + M¯2F (µ¯, ξ¯) , (34)
becomes at HT (up to O(λ ln(T/µ)))
M2 = M¯2 + bλ(3M¯2 − 2mˆ2)
[
π
T
M¯
− ln T
µ¯
]
. (35)
With the mass-gap equation (35) we can study φ2 as
a function of M¯2, Figs.2a-2c, from which we can see
the followings; i) at sufficient high temperature there is
only one phase in the HT approximation and M¯2 can
not reach zero, Fig.2c, ii) at the critical temperature
TC ∼
√
24|m2|/λ the M¯2 vanish at φ2 = 0, Fig.2b,
and iii) below the critical temperature TC there appears
a new phase in the small-M¯2 region, thus the two-phase
structure comes about at low temperature, Fig.2a.
By studying the structures of the RG-improved one-
loop EP, V¯1,
V¯1 =
1
2
m¯2φ2 +
1
4!
λ¯φ4 + h¯m¯4
+
M¯4
2
[
− b
4
+
T 4
π2M¯4
L0
(
T 2
M¯2
)
− T
2
2π2M¯2
L1
(
T 2
M¯2
)
− T¯
2
0
24M¯2
]
(36)
=
1
2
m¯2φ2 +
1
4!
λ¯φ4 − m¯
4
2λ¯
+
(T 2 − T¯ 20 )M¯2
48
− TM¯
3
48π
+ · · · , (37)
at the corresponding temperatures and phases, we can
see the nature of the temperature-dependent phase-
transition of the model, Figs.3a-3c; i) At low tempera-
ture below TC the EP has twofold structure representing
the existence of two phases, Fig.3a, the ordinary mass
phase and the small mass phase. The ordinary mass
phase, with its counterpart in the tree-level potential,
has the EP with the wine-bottle structure with the min-
imum at φ = φ0 ∼ (T 4C |m2|3/λ)1/10. The small mass
phase is a new phase appearing as a result of resum-
mation a la RG, without having any counterpart in the
tree-level potential. This new phase is a “symmetric”
phase with a linearly decreasing potential, namely with
a potential unbounded from below, indicating the simple
φ4 model becoming an unstable theory at low tempera-
ture. As the temperature becomes higher the minimum
5
of the ordinary mass phase eventually diminishes, and
ii) at the critical temperature TC the minimum of the
potential at non-zero φ completely disappears. The EP
shows a symmetric structure in φ with the minimum at
φ = 0, V (φ) − V (0) ∝ φδ+1, δ ∼ 5.0, Fig.3b, and iii) at
high temperature above TC the EP remains symmetric
in φ whose positive curvature near φ = 0 becomes strong
as the temperature, Fig.3c. Transition between the or-
dinary mass broken phase at low temperature and the
symmetric phase at high temperature clearly proceeds
through the second order transition.
To get more definite conclusion of the complete re-
summation of O(λT/µ), we need the numerical analysis
in solving m¯2 exactly without HT approximation.
B. T -renormalization
The perturbatively calculated one-loop EP in the T -
renormalization is
V1 =
1
2
m2φ2 +
1
4!
λφ4 + hm4
+
M4
2
[
b
2
(
ln
M2
µ2
− 3
2
)
+
T 4
π2M4
L0
(
T 2
M2
)
− T
2
12M2
− 1
2π2
L2
(
T 2
µ2
)]
. (38)
It is worth noting that in the T -renormalization the re-
summation of the dominant O(λ(T/µ)2) terms can be
automatically performed through renormalization, giv-
ing the renormalized mass-squared
m2 ≃ m20 +
λT 2
24
, (39)
m0 the renormalized mass in the vacuum theory. m
2
appears as a mass-term in the propagator with which
the perturbative calculation is performed.
At the one-loop level we can find the exact solutions
of the running parameters m¯2 and λ¯,
M¯2 = m¯2 +
1
2
λ¯φ2, m¯2 = m2f−1/3, λ¯ = λf−1, (40)
f = 1− 3λ
[
bt+
1
2π2
{
L2
(
T 2
µ¯2
)
− L2
(
T 2
µ2
)}]
. (41)
As explained in the Sec.II, in the T -renormalization we
have only one arbitrary parameter µ, and we can set only
one RS-fixing condition. Reminding us of the lessons
from previous works [6,11,12,19], we choose τ¯ (t, ρ = 0) =
0 as a condition to fix the RS, namely choose the RS-
parameter t so that the one-loop radiative corrections
to the mass vanish. Then the RG improvement can be
performed analytically, obtaining the improved EP as
V¯1 =
1
2
m¯2φ2 +
1
4!
λ¯φ4 + h¯m¯4
+
M¯4
2
[
− b
4
+
T 4
π2M¯4
L0
(
T 2
M¯2
)
− T
2
2π2M¯2
L1
(
T 2
M¯2
)
− T
2
24M¯2
]
(42)
=
1
2
m¯2φ2 +
1
4!
λ¯φ4 − m¯
4
2λ¯
− TM¯
3
48π
+ · · · . (43)
All the barred quantities should be evaluated at such a t
satisfying the RS-fixing condition τ¯ (t, ρ = 0) = 0, which
gives the mass gap equation
M2 = m2 + f(M¯2)M¯2 − f(M¯2)2/3m2 , (44)
f(M¯2) ≃ 1 + 3λ
[
T
8πM¯
− T
16πµ
]
+ · · · . (45)
It should be noted that the RS-fixing condition τ¯(t, ρ =
0) = 0 gives the equation at HT
T
8πM¯
− T
16πµ¯
= 0, (46)
which determines the RS-parameter µ¯ as
µ¯ =
M¯
2
. (47)
In the RG-improvement with the T -renormalization we
can only set τ¯ (t, ρ = 0) = 0, thus the resummation of
terms of O(λT/µ) is imcomplete. We can easily check
that part of O((λT/µ)2) contributions coming from di-
agrams with three-point vertices at two-loop level can
not be fully absorbed through the present improvement
procedure. Such contributions can be totally absorbed
if we can set the second condition κ¯ = 0 as in the T0-
renormalization case studied in the last Sec. III.A.
With the RG improved formula (40)-(47) in hand we
can anyhow study the phase structure of the model as a
result of the partial resummation of O(λT/µ) terms. It
is surprising that all the results on the φ2-M¯2 relation
and those on the corresponding EP are essentially the
same as those obtained in the T0-renormalization case:
the existence of the unstable small mass phase at low
temperature, and the second order transition between
the ordinary mass broken phase at low temperature and
the symmetric phase at high temperature.
C. T = 0 renormalization
The application of the RG-inspired resummation pro-
cedure has been already carried out to the one-loop EP
in the T = 0 renormalization, see Nakkagawa and Yokota
in [20]. Here we only would like to point out the following
fact; If we start the perturbative calculation in the T = 0
renormalization scheme, then the resummation of dom-
inant corrections of O(λ(T/µ)2) should be fully accom-
plished through the RS-fixing condition τ¯ (t, ρ = 0) = 0,
giving
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0 = ln
M¯2
µ¯2
− 1 + T
2
bπ2M¯2
L1
(
T 2
M¯2
)
(48)
∼ 2 ln 4πT
µ¯
+
4π2
3
T 2
M¯2
− 4πT
M¯
. (49)
Remembering M¯2 ∼ (1/24)λ¯T 2, then Eq.(49) determines
the RS-parameter µ¯ as
µ¯ ∼ 4πT exp(16π/λ¯), (50)
showing that the remaining (un-resummed) O(λ ln(T/µ¯))
terms are actually large enough to be comparable with
the O(λT 2/M¯2) contributions. This fact indicates the
breakdown of the resummation method a la RG in the
T = 0 renormalization with the use of RS-fixing condition
τ¯ (t, ρ = 0) = 0.
Such a trouble never happens in the
T0-renormalization as well as in the T-renormalization
studied above in Secs. III.A and III.B.
It is worth mentioning that, in the large-N limit of
the O(N) symmetric model, after setting τ¯ (t, ρ = 0) = 0
there appear no remaining (un-resummed) O(λ ln T/µ¯)
terms, see Eqs. (11) and (12), assuring the absence of
the above trouble in the T = 0 renormalization.
IV. CRITICAL EXPONENTS
Here we present the results of brief analysis of the
critical exponents determined from the RG-improvement
one-loop EP in the T -renormalization, Sec. III.B. In this
case we can calculate approximately the critical expo-
nents through analytic manipulation.
The definition of the critical exponents are as follows:
1) On the behavior at φ = φ0 around T ≃ TC :
β : φ0 ∝ (TC − T )β , (51)
γ :
d2V
dφ2
∣∣∣∣
φ=φ0
∝ |TC − T |γ , (52)
α : V (φ0)− V (0) ∝ |TC − T |2−α . (53)
2) On the behavior at T = TC :
δ : V (φ)− V (φ0 = 0) ∝ φδ+1 or dV
dφ
∝ φδ . (54)
In the above, φ0 denotes the position of the true min-
imum, and TC denotes the critical temperature, which
are determined as φ0 ≃ {543T 4C |m2|3/λ(8π)4}1/10, TC ≃√
24|m20|/λ− 3|m20|/4πµ.
Results are summarized in Table I, in which the critical
exponents determined in the mean-field approximation,
and in other works are also given for comparison. We can
see that our results show siginificant deviations from the
mean-field values, and show reasonable agreement with
the experimental results.
It should be noted that our present analysis of the crit-
ical exponents is a very crude one, and further analysis
including more prescise detemination through numerical
evaluation as well as the analysis based on the EP deter-
mined in the T0-renormalization, Sec. III.C, are now in
progress [23].
V. DISCUSSION AND COMMENTS
In this paper we proposed a resummation method
inspired by the renormalization-group improvement.
By applying this resummation procedure a la RG-
improvement to the one-loop effective potential in mas-
sive scalar φ4 model at T 6= 0, we found important ob-
servations; the temperature dependent phase transition
of the model is expected to proceed through the sec-
ond order transition. The critical exponents are roughly
determined through analytic manipulation, showing the
siginificant deviation from the mean-field values and the
reasonable agreement with the experimental deta [21,22].
This point should be made clearer with further studies on
the precise determined of critical exponents of the theory
which is now in progress and the results will be given else-
where [23]. With the success in the λφ4 model, it is of in-
terest to apply the present resummation method a la RG-
improvement to a more physically relevant model, such
as the Abelian-Higgs model, which is now in progress.
Discussion of the results and several comments are in
order.
i) Starting the perturbative calculations with the the-
ory renormalized at an arbitrary mass-scale µ and at an
arbitrary temperature T0, we can in principle fully resum
terms of O(λT/µ) together with terms of O(λ(T/µ)2).
The key idea is to fix the arbitrary RS-parameters so
as to make both of one-loop radiative corrections to the
mass as well as to the coupling vanish. This is actu-
ally the condition which ensures the function form of
the EP to be determined up to the next-to-leading or-
der of large correction terms (see, the analysis in Sec. II,
just above Eq.(18)), thus absorbing completely those
terms of O(λ(T/µ)2) and of O(λT/µ). With the use
of approximate solutions to the RGE’s for the running
mass-squared we can carry out the resummation program
analytically, showing that the temperature-dependent
transition between the symmetry-broken phase and the
symmetry-restored phase proceeds through the second
order phase transition. The approximation employed
actually may spoil the full resummation of terms of
O(λT/µ). To make this observation concerning the order
of transition in the massive scalar φ4 model more defi-
nite the RG-improvement without use of the additional
approximation, together with the two-loop analysis are
necessary, and are now under investigation.
ii) We can firstly renormalize the theory at the tem-
perature of the environment T . In this case O(λ(T/µ)2)-
term resummation, thus the so-called hard-thermal-loop
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resummation [5] in this model, can be simply completed
through the T -renormalization itself. With the lack of
freedom we can set only one RS-fixing condition to ab-
sorb the large terms of O(λT/µ), thus only the partial
resummation of these terms can be carried out. Result-
ing phase structure of the model is, however, essentially
the same as that in the T0-renormalization above. In this
sense our resummation method seems to give stable re-
sults so long as the terms of O(λT/µ) are systematically
resummed.
iii) Our resummation method a la RG improvement
does not work if we start the perturbative calcula-
tion with the theory renormalized at T = 0. In this
case the condition that may ensure the resummation of
large temperature-dependent corrections actually gener-
ates new large terms, thus the whole procedure of the
resummation might get into trouble.
iv) As was pointed out in Sec. III, the RG-improved
EP in the simple massive φ4 model has an unstable
small mass phase at low temperature. This unstable
small mass phase also appears in the same model at ex-
act zero-temperature (vacuum theory), indicating its ap-
pearence being not the artifact coming from the crude-
ness of the resummation of temperature-dependent cor-
rections terms. Though the origin of the appearence of
this unstable phase is not fully understood, it may have
a relation with the triviality of the model, which is an
interesting problem for further studies.
Finally it is worth noticing that the renormalization-
group analysis of the massive scalar φ4 model T 6= 0 has
been done in great details by M. van Eijck [25]. In his
work the importance of the finite-temperature renormal-
ization is clearly shown. However, the resummation of
large temperature-dependent correction-terms is not the
main issue of his work, thus no idea is given on the ef-
fective resummation-procedure of such terms, which our
present work brings into focus.
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TABLE I. Critical exponents obtained from various meth-
ods.
β γ δ α
Our result 0.3 1.2 5.0 0.2
mean-field 0.5 1.0 3.0 0.0
pertur. theory 0.5 1.0 3.0 0.0
(2-loop)
auxiliary mass [15] 0.385 1.37 4.0 0.12
nonpertur. RG [16] 0.35 1.32 5.0
ǫ-expansion [17] 0.327 1.24 4.79 0.11
lattice [22] 0.324 1.24 4.83 0.113
experimental [21] 0.325 1.24 0.112
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FIG. 2. The φ2-M¯2 relation of the massive φ4 model in the
T0-renormalization: a) T˜1 = 21.8 , b) T˜2 = T˜C = 21.893, and
c) T˜3 = 22.0 with T˜ ≡ T/|m0|. m0 is the renormalized mass
in the vacuum theory.
FIG. 3. The RG improved effective potential of the massive
φ4 model at three temperatures in the T0-renormalization: a)
T˜1 = 21.8, b) T˜2 = T˜C = 21.893, and c) T˜3 = 22.0 with
T˜ ≡ T/|m0|. V˜ ≡ [V¯1(φ˜)− V¯1(φ˜min)]/|m0|
4, φ˜ ≡ φ/|m0| and
λ = 1/20.
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